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Abstract: Based on the results of Berinde and Pacurar, we present the notion of Go— modified
Reich contractions with property (M) in Banach spaces (curtly BS) including a graph. Our outcomes
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1. INTRODUCTION

In 2008, Jachymski [11] have given a catchy approach in theoric of fixed points in some overall forms
by applying as part of metric spaces involving a graph. The author [11] has shown certain generalities
on classical contraction mapping basis of Banach on a complete metric space through graph. Thereafter
different contractions have been established by many researchers. In [12]-[10] and [I5] the contraction
basis for multivalued and set valued mappings, in [6], [7], [§] Reich and Kannan type contractions,
Zamfirescu maps studied, resp. More precisely, let (X, d) be a metric space, G = (V (G),E (G)) be
a graph such that V (G) = X, E(G) subsumes entire loops. A map [1I] » : X — X is orbitally
G —continuity if Vr,s € X, {kn}, ey C ZF W — s, (hk“r, hk"“r) €EE(G)=h (hk”r) — hs.

Besides, Berinde and Pacurar [4] initiated study of fixed point theory for non-self contractions via
Banach space (curtly BS) encorporing G. Balog and Berinde [2] established the notion of non-self
Kannan contractions described on BS by of way G. Recently, a new type of non-self Catterjea is
introduced and studied by Balog et al. [3]. Their results are more general than that of Berinde and
Pacurar [4] and Balog and Berinde.

Inspired by former works, we define notion of modified non-self Reich type contractions on BS via
G. The findings of this article enlarge varied known consequences in the literature.

2. ESSENTIAL DESCRIPTIONS AND FACTS IN BS via G

Let X be BS, C # () a closed of X, h : C — X a non-self map. If r € C is such that hr ¢ C, here
we mostly select s € 0C such that s = (1 — p) r + phr(p € (0,1)), which fairly express

d(hr,r) =d(hr,s)+d(s,r), s € 0C. (2.1)
The set B of points s supplying (2.1)) can compass more than one element. Assume that B # (.

Definition 2.1. [5] Let X be BS, C' # () a closed of X, h: C' — X a non-self map. Let r € C with
hr ¢ C, s € OC be the concerned elements endowed with (2.1)). If, for any such terms r, we obtain

d(s,hs) <d(r,hr) (2.2)
for all corresponding s € B, then h enjoy property (M).

Definition 2.2. [4] Let X be BS, C' # () a closed of X. A map h : C — X is (i) well defined, if it
holds the quality for the subgraph of G induced by C, viz,vVr,s € C,

(r,s) € E(G) with hr, hs € C = (hr,hs) € E(G)N(C x C). (2.3)
(ii) Go—contraction if h is (well) defined and there exists z; € [0,1) such that Vr,s € C,
(r,s) € E(Gg) = d(hr,hs) < z1d(r,s). (2.4)

Definition 2.3. (Property (L)) [4] Any sequence for Vn € N, {r,} C X with r, — r when n — oo
and (rp,7n+1) € E(G) , there appears a subsequence {ry, }.~, providing (r,,7) € E (G).
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3. MAIN RESULTS

Theorem 3.1. Let (X,d,G) be BS via weakly connected and simple directed G such that the property
(L) acquires. Let C # 0 be a closed of X, h : C — X be Go—modified Reich contraction with

property (M), namely, there appears n, ¥, 0, nonnegative real numbers with n+ 9 + 60 < 1 such that
for¥ (r,s) € E(Ge)
d (hr,hs) < nd(r,s) + 9d (r,hr) + 0d (s, hs) + Ug (r, s), (3.1)
where
Ur (r,s) = Rmin{d (r,s),d(r,hr),d(s,hs),d(r,hs),d(s,hr)} ,R >0

and G¢ is the subgraph of G stated by C. If Cy := {r € 9C : (r,hr) € E(G)} # 0, h getting Rothe’s
baundary condition
C D> h(00), (3.2)

then h own a fized point in C'.
Proof. Let C 2 h(C). Here h is substantially a self-map in closed set C, the consequence pursued

by Reich fixed point theorem [13] to X = C. Hence, we only take into consideration h(C) ¢ C.
Moreover, we have Vn € N

rg € C), = (To,h?‘g) € E(G) = (hnro,hn+17'0) S E(G) . (3.3)

Express Vn € N; s, := h"™rg.
Owing to (3.2), we get that hrg € C.
Denote r1 := s1 = hro. Next, if hry € C, set ro := s9 = hry. If hry ¢ C, we may seize a term 79 on
the segment [r1, hr1] which also pertain to 9C, i.e.,
ro = (1 —p)r + phri(p € (0,1)).

Ongoing argumentums we create two sequences {r,} and {s,} whose elements fulfill one of the below
particulars:

(1) hrpey € C =1y := 8y = hrp_1;
(2) hrp1 ¢ C =1y =rp_1 (—p+ 1)+ phrp—y € 0C (1 € (0,1)).
Next, we allege that {r,} is a Cauchy sequence. Assume that

P={ry € {rn}:rp=sp=hrp_1},
Q={rr€{rn}:rr #hrr_1}.
Clearly, if r € @, then rg_; and 7,11 pertain to P. Furthermore, due to (3.2]), we can not hold two
consecutive nomials of {r,} C @ (yet we can hold two consecutive nomials of {r,} C P). Next, we
attach 3 possibities.
Case 1. 1y, rpy1 € P. Then, we get s, = hrp—1 = rp, Sp+1 = hrp = rp+1. Thus
d(rnyrnt1) = d (hrp—1, hry) = d (Sn, Spt1) -

As {r,} € C, ¥n € N, from (3.3) (rn,mn—1) € E(G¢), and thus by G¢—modified Reich contraction
condition (3.1), we obtain that

d(rp, 1) = d(hrp_1,hry)

< nd(rp,rn—1) +9d (ry, hry) + 0d (rp—1, hrp—1)
—|—Rm1n {d (Tn—la Tn, ) ) d (hrna rn) ) d (hrn—lv T'n—1, ) ) d (h?"n_l, r’n) ) d (hT’n, T’n—l)}
< nd (Tny Tn—l) + vd (Tny Tn+1) +0d (Tn—la rn)
. d(rnarn—l)ad(rn’rn—i—l)u
+R min { d (rn_h Tn) R d (Tn; Tn) 5 d (Tn+1, Tn_l)
< ’I’]d (Tny Tnfl) +9d (Tna rn+1) +0d (Tnflv Tn) s
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d(rn,mnt1) < kR (rp—1,7n) (3.4)

where k = % < 1.
Case 2. rpy1 € Q, ry € P. Then, we have s, = r,, = hry—1, rn+1 # Spr1 = hrn. We get

d (Tn+1v Tn) < d (Tn+la Tn) +d (5n+17 TnJrl)
= d (5n+1arn)
= d (3n+17 Sn) .

Next, using an analogue argumentum to Case 1, (r,,7,—1) € F (G¢) and so by (3.1]), we attain

d(sn,Snt1) = d(hrp_1,hry)
nd (rn—1,7n) + 9d (rn_1, hrn_1) + 0d (ry, hry,)
+Rmin{d (rn—1,7n),d (rn-1,hrn-1),d (rn, hry) ,d (rn—1, hry) ,d (rn, hrpn—1)}
= nd(rp—1,7n) +9d (rp_1,hrp_1) + 0d (55, Sny1)
) d(rn—1,Tn),d(Tn—1,7n),
+Rmin { d (S, 8n(+1) ,d (7"211,(7"”+1) ,d)(rn, Tn) }
= nd(rn-1,rn) +9d (rn—1, hrn—1) + 0d (s, Sn+1)

IA

which yields
fd (rn—lv 7’n) 2 d (3n7 Sn+1) .

where £ = % < 1 and so,

d(Tny1,mn) < d(Spy1,50) < EA(Tn_1,7m0) . (3.5)

Case 3. rpy1 € P, rp € Q. Then, we have r,—1 € P, 85, # Ty Sptl = Tntl, Snel = Tn—1, Sp = Arp_1
and
d (TTL—17 Tn) +d (Tn, hrn—l) =d (rn—la hrn—l) .

From the property (M), we have
d(rpyrny1) = d(rp, hry) < d(rp—1,hrp—1) = d (hrp—2, hrp—1) .
Therefore,
d(rn,rn+1) < d(hrp—o, hrp—1).
As {s,} C C, ¥n € N, from (rn—2,mn—1) € E(G¢), and thus by (3.1)), we obtain that

d (hrn—Qv hrn—l) < 7]d (TTL—27 Tn—l) + 9d (Tn—2a hrn—2) + 0d (rn—ly hrn—l)

. d (rnf2a Tnfl) 5 d (Tn727 h'rn72) s
+R i { d (Tn—la hrn—l) 5 d (rn—27 hrn—l) 3 d (rn—h th—2)

= nd (Tnf2a Tnfl) +Jd (Tn72a 7nnfl) +0d (Tnfla rn)

. d(T’n_Q,Tn_l) ,d(Tn_Q,Tn_l) )
At { d(rnfl’rn) ad(""n72arn) 7d(rn717""n71) ’

and thus,
d (hrn—Qv hrn—l) =d (Tn—l) hrn—l) < (77 + 79) d (Tn—27 Tn—l) +0d (rn—lv hrn—l) 5

which yields
¥
d(rn—la hrn—l) S %d (Tn—27rn—l) , Z 2.
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Hence,
&d (rn—2,mn—1) > d(rn, r+1) - (3.6)
Now, by combining (3.4)), (3.5)) and (3.6]), it follows that
o0d (n,Tn—1)
d ny'n S
(T " +1) { Qd (Tn—Qarn—l)
where
= max nto nto = max {k, &}
¢= 1—0'1-6J " o
Following [4] from inductive, it concludes that for n > 2
d(rp, rmt1) < g[n/z] o, (3.7)
where
o =max{d (r1,ro),d(ri,m2)}. (3.8)
Here, [n/2] stand for the largest Z not surpassing n/2.
Next, for N <n < m;
i a( ) [n/2]
rnv"”m r]yr] 1 < ag.
=N —e
This implies that {r,} is Cauchy sequence.
As {r,} € C, V¥n € N and C is closed, {r,} converges to r, € C, that is,
Ty — Ts @8 N — 00.
From the property (L) and (3.1), we get
d (hrg, , hry) <nd(rg,, ) +9d (g, , hry, ) + 0d (1, hry) . (3.9)
Hence, owing to (3.7)) and (3.9))
d(re,hry) < d(re,r5,41) +d (g, +1, hry)
= d(re, Tk, +1) +d(hrg,, hry)
= d(re,Tk,+1) +nd (rg, 7<) + 0d (g, , hry,) + 0d (74, hry)
. d(rk, %), d (T, , hr,)
+Hmin { d(re,hry) ,d (r,, hry) ,d (re, hry,)
= d(re,Tk,+1) +0d 7k, , 7<) + 0d (1k,,, hry,) + 0d (s, hry) ,
A(rhr) < (i) + Td (rg )+ 1o (1, B,
T W) = 7@\ Thatl 1 — g% Tk T 1= g% Thno MTkn
1
< 78 e k) Hvd (T, 1) + 0d (T T 1)
1
< md (75, Thp+1) (3.10)

+v [d (T'kn,T’*) + Q[k"/m max {d (Tkou rk1) ,d (Tklvrkz)} :

Taking the limit as n — oo, then d (r., hr,) = 0 and hence r, = fr,.
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To display that r, is a unique fixed point of h, given that r., s. are two fixed point of A. In that
case, we get

d(re,8x) = d(hry, hsy)

< nd (s, $x) + 0d (14, hry) + 0d (54, hsy)
+Rmin{d (ry, s+) ,d (rs, hry) ,d (sxhsy) ,d (rs, hsy) , d (Se, hrs) }
= nd (v, s«)
and so
d (r+,8«) = 0 in view of (1 —n) < 1.
It follows that r, = s.. O

Example 3.2. Let X =[0,1] U {2,3} be endued with the usual norm and let C' = {0, 1,2, 3}. Define
the operator h : C' — X hereinbelow

[0, ifre{o,1},
}”’_{ Loifre{2,3}.

Let G be defined by

E(G) = {(r,r):r € [0,1]} U {(0, 1),(0,2),(2,3),(2,2) (2, ;) ,(3,3)}.

Then G is weakly connected graph such that the property (L) acquires and h is Go—modified Reich
contraction on C'. It is also simple to overhaul that A is well defined on X via G¢. Actually, Go own
the set of vertices E (G¢) = {(3,3),(0,0),(2,3),(0,1),(2,2),(0,2),(1,1)}. Due to (2.3), the edges
0,2),(2,2),(2,3),(3,3) have to be endured and for the remaining edges we obtain

(h0, h0) = (h0, A1) = (h1,h1) = (0,0) € E (Gc).

Furthermore C' D h (0C) is provided, due to 9C = {0, 1}, thus h (0C) = {0} C C. Eventually, because
we again hold Cy, = {0} # (0 , whole assumption in Theorem are ensured, 0 is single fixed point of
h.

Remark 3.3. (i) For R = 0 in Theorem , then it is easly proved G¢o— Reich contractions with
property (M) on BS including a graph.

(ii) Taking n = 0 and ¥ = # in Theorem we obtain Kannan type contractions by Balog and
Berinde Theorem 2.1 in [2] for a non-self map.

(iii) If ¥ = 0 and 6 = 0 in Theorem then it can be simply showed Theorem 3.1 in [4].

Like in [4, 2], we can replace the property (L) of (X,d, G) by favorable terms.

Theorem 3.4. Let (X, d,G) be BS via a weakly connected and simple directed G. Let C # () be a closed
of X, h: C — X be Go—modified Reich contraction on C. If Cy := {r € 9C : (r,hr) € E(G)} # 0,
h is orbitally G— continuous and h satisfies C O h (0C), then h has a fized point in C.

Proof. With respect to argument of Theorem m we have that {r,} defined by r, = h"rg for all n
converges to r,. Since (h”ro, h”“ro) € E(G), Vn € N | h is orbitally G—continuous, we obtain

r« = lim h (h"rg) = hr,.

n—0o0

That is, r. = hr,. Assume that s, is another fixed point of A. Using an analogue technique as in
Theorem (3.1}, we get r, = s,. O
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Remark 3.5. (i) For R = 0 in Theorem , then it is easly proved G¢c— Reich contractions on BS
including a graph.

(ii) Taking n = 0 and ¥ = @ in Theorem |3.4] we obtain Kannan type contractions by Balog and
Berinde Theorem 2.2 in [2] for a non-self map.

(iii) If Y = 0 and € = 0 in Theorem then it can be simply showed Theorem 3.2 in [4].

In the instant writing, non-self Go— modified Reich contractions on BS via G have been defined.
Our deductions conduce a more general approximation to such a non-self contractions engendered by

4],

[15]

[2].
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