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Some Convergence Results of Iteration Scheme For G — Asymptotically
Nonexpansiveness

Esra YOLACAN!

Introduction and Preliminaries

Letn # @ be a subset of a Banach space X. A digraph is a pair: G = (V (G),E (G)), here
V (G) is the set of vertices of graph and E (G) is the set of its edges which encapsules all the
loops, i.e. (p,p) € E (G) for Vp € V (G). Supposing G has no parallel edges. If p and g be
vertices of G, then a path on G from p through g of length N is {p;}}_, of N + 1 vertices such
that po =p, pvn =p and (p;_1,p;) EE (G) fori=1,---,N. A digraph G is called to be
transitive if, forany p, h,l € V (G) such that (p, h), (h, 1) € E (G), we have (p,1) € E (G).

The map f:n — n is called to be

e G —nonexpansive if it provides (i) (p,1) € E(G) = (fp, f1) € E(G) (f preserves edges
of G), (i) (p, D) € E(G) = |Ifp — flll < llp — ]| (Alfuraidan&Khamsi, 2015);

e (G —continuous if for any given t € X, {r,,} € X, 1, — 7 and (7,,, Tn+1) € E(G) imply
ft, = ft (Jachymski, 2008);

e semicompact if for {x,} S n with ||x, — fx,|l > 0 as n —» oo, there exists a
subsequence {x,,} of {x,} such that x,,, > o, € n (Shahzad&Al-Dubiban, 2006);

e (G — asymptotically nonexpansive if it provides (i) f preserves edges of G, (ii) there exists
a sequence ¢, c [1,2),¢, > 1 as n — oo such that ||[f™p — f* < ¢p,llp = Ul ,
whenever (p, 1) € E(G) forany p,l € nand n > 1 (Sangago & et al., 2018).

Fixed point (brief, FP) iterative process for G —nonexpansiveness maps in Banach spaces with
a graph (brief, BSWG) including Ishikawa, S — iteration, explicit iteration, SP — iteration
schemes have been intensively investigated by various researchers (Tripak, 2016),
(Suparatulatorn& et al., 2018), (Hunde& et al., 2017), (Sridarat& et al., 2018). The authors
established the class of G — asymptotically nonexpansiveness maps, who verified some
convergence results in BSWG (Sangago & et al., 2018).

The mapping f:n — n is called to yield Condition (A) if there is a nondecreasing function
g:[0,0) -[0,0) with g(t) >0 for vt e (0,0) , g(0) =0 such that |[x—fx| =

g (d(x,F(f))). Two mappings fi, f2:n — n are called to yield Condition (B) if there is a
nondecreasing function g: [0, ©0) —[0, ©) with g(t) > 0 for vt € (0, ), g(0) = 0 such that
max{|lx — fix|l, llx — foxll} = g (d(x,FiX(F))) , where Fix(F) =F(fy) nF(fz) . The

mappings f3, f>, fz:n — n are called to yield Condition (C) if there is a nondecreasing function
g:10,0) -[0, ) with g(t) > 0 for Vt € (0,), g(0) = 0 such that max{||x — fix||, llx —

fxll llx = fzxll} = g (d(x,Fix(F))), where Fix(F) = F(f;) n F(f3) N F(f3).

Letp, € V(G) and V(G) 2 I'. We call that (i) T is dominated by p, if (p,, p) € E(G) for Vp €
T, (ii) I dominates p, if for eachp € T, (py,p) € E(G) (Suparatulatorn& et al., 2018).
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Letn #@ € X, f:n — X be amap. Then is called to be G — demiclosed at q* € X [14] if,
for any {x,} S n such that {x,} = p* €7, {fx,} = q" and (xp, xn11) € E(G) imply fp* =
q.

Letn # @ < X,G = (V(G),E (G)) be digraph such that V (G) = n. Here n is called to own
Property P if for each {p,} € n such that {p,} =~ p €n, (Pr,Pns+1) € E(G), there is a
subsequence {py,} of {p,} such that (p,,, p) € E(G) for VI € N (Alfuraidan, 2015).

Remark 1. If G is transitive, then Property P is equivalence to the feature:
o If {p,} €7 with (p,, pn+1) € E(G) such that for any subsequence {p,,} of {p,}
converging weakly to p in X, then (p,,,p) € E(G) for vn € N (Sridarat& et al., 2018).

The authors considered the following modified Ishikawa process, for arbitrary x, € n,
Xnp1 = (1= ap)fxn + anf((1 = b)xy + bofx,),n =1,

where {a,}, {b,} < (0,1) (Agarwal & et al., 2007).

The authors introduced the following iteration scheme, for arbitrary x, € n,

Xnt+1 = (1 - an)fyn + anfzn'
Yn = (1 - bn)fxn + bann;
Zn =1 —c)xp+cpfxpn =1,

where {a,}, {b,,}, {c,} c (0,1) (Abbas&Nazir, 2014).

The authors studied an iterative process, for arbitrary x, € n,
Xns1 = (1 — ap)fxn + anfyn,

In = 1- bn)Zn + bannr
Zn =1 —c)xp+ cufxn,n=1,

where {a, }, {b,.},{c,} c (0,1) (Thakur& et al, 2014).

Motivated by above studies, in this writing we consider an iterative procedure for providing a
common fixed point of three G — asymptotically nonexpansive maps as follows:

For arbitrary x, € n, {x,} defined by
Xn+1 = (1- an)fznxn + anf3nyn (1.1)

Yn = 1- bn)Zn + bnfznznr
Zn =1 —c)xp +cnfffxpnn=1,

where {a,}, {b,,},{c,} c (0,1).

Lemma 1. Let {r,,}, {v,},{0,} be sequences of nonnegative real numbers supplying the
inequality

T < (14 o)1, +u,n=>1
if Yo_iv, < oand Y, 0, < o, then
(1) %inolo T,, EXISS;
(i) Notedly, if {z,,} hold a subsequence {r,, } = 0, then lim 7, = 0 (Tan&Xu,1993).
n—-oo
Lemma 2. Let X be a uniformly convex Banach space. Supposingn>1,1>c>t,>b >

0. Let {en}, {h,} S X be such that limsup, ellenll < a, limsup, ollh,ll < a, [I(1—
t)h, + theqll » a=0asn — . Then |le, — h,|| = 0 asn —» o (Sahu, 1991).
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Lemma 3. Let f be a G — asymptotically nonexpansiveness map in n with asymptotic
coefficient ¢,, such that ».>°_,(¢, — 1) < . Assume that n has the Property P, then I — f if
G —demiclosed at 0 (Sangago & et al., 2018).

Lemma 4. Let {x,} be a bounded sequence in reflexive Banacah space X. If for any weakly
convergent subsequence {xn].} of {x,}, both {xnj} and {xnm} converge weakly to the same
point in X, then {x,,} is weakly convergent (Shahzad&AlI-Dubiban, 2006).

The goal of this writing is to furnish a three step iterative procedure to approach of FP of the

G — asymptotically nonexpansiveness in BSWG and to demonstrate weak and strong
convergence results for the proposed maps.

Main Results

Note that n # @ c X is a closed subset of Banach space via (V (G),E (G)) = G such that
V (G) =n, convex of E(G) and transitive of G. The mappings fi, fo, f3:n = n are G —
asymptotically nonexpansiveness maps via { ,(l‘)} C [1, o) satisfying Z,‘;‘;l(qb,(f) —1)<
for i =1,2,3, resp. Take ¢, =max{ W 6@ ,(13)} then clearly Y% ,(¢, —1) < o .

Henceforward we will get the sequence {¢,,} for {f1, f>, f3} and Fix(F) = F(f)) N F(f,) N
F(f3;) # @. For x, € n, let the sequence {x,,} identified by (1.1).

Proposition 1. Let s* € Fix(F) be such that (x,,s*), (s*, x,) € E(G). Then (x,,,s*), (s*, x,,),
(xn, 2n), (20, x3), (5™, 20), (20, 5™, (X, V), W X)), (8%, )y (U 87, (X, X041) € E(G) for
vn € N.

Proof. Let (xy,s*) € E(G). We have (f;x,, s*) € E(G) in connection with edge preserving of
f1. Since E(G) is convex, we get

(1 —co)(xg,s*) + co(fixg, s¥) = ((1 — )Xo + coflxo,s*)
= (z0,5*) € E(G).
We hold (f,z,,s*) € E(G) on the score of edge-preserving f,. As (zy,s*), (f22¢,s*) € E(G),
E(G) is convex, we have
(1 —_ bO)(ZOJS*) + bO(fZZOIS*) = ((1 —_ bO)ZO + bOfZZOIS*)
= (y,5") € E(G).

By edge-preserving f, and f3, we own (f,x0,s*), (f3y0,5*) € E(G), resp. Due to the convexity
of E(G), we obtain

(1 = ap)(f2x0, ™) + ao(f3¥0,5™) = ((1 — ag)f2xo + aofs)’o'S*)
= (x1,5*) € E(G).

Because of the {f}, f>, f3} are edge preserving, we enjoy edge preserving of {fZ, f2, f#}.
Thereof, changing (x;,s*) in lieu of (x,,s*) and {f2, £, f£} in lieu of {f, f>, fs} in above
procedure, we get

(ZlﬂS*); (ylﬁS*) € E(G) and (leS*) € E(G)

Assume that (x,,s*) € E(G) for u € N. By virtue of the fact that {f}, f5, f5} are edge
preserving, we acquire edge preserving of {f*, f3*, f3*}, and thus (f*x,, s*) € E(G), from the
convexity of E(G), we have

(1 — ¢ )y, s™) + cy(fffxy, s*) = ((1 — )Xy, + cufluxu,s*)
= (z,,s") € E(G).
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We possess (f'z,,s*) € E(G) in view of edge-preserving fx. Since (z,,s*), (f3*z,,s*) €
E(G), E(G) is convex, we get

(1 = b)) (zy, 8 + by (fF2y,5*) = (1 = b )z, + by fFzy,s*)
= (yp,s*) € E(G).
On account of edge-preserving f7* and f3*, we own (f3'x,,s*), (fi*yy, s*) € E(G), resp. As
E(G) is convex, we obtain

(1- au)(fzuwa*) + au(f3uyw5*) = ((1 - au)fzuxu + auf3uYurS*)
= (xu41,57) € E(G).

Resuming the process for (x,.1,s*) € E(G), we conclude that
(Zu+1' S*)l (}’u+1; S*) € E(G)
Hence, by mathematical induction, we obtain that
Vo s*), (X, 57), (2, s*) € E(G) forn € N.

Handling an analogue assertion, we could indicate that (s*, x,,), (s*, z,,), (s*, v,) € E(G) for
n € N, under the supposition that (s* x,) € E(G). Owing to transitivity of G, we have
(xn» Zn); (Zn' xn)’ (xn' yn)a (yn' xn) and (xTU xn+1) e E(G) for n 2 1

Lemma 5. Let X and G be as above. Letn # @ is a closed convex subset of a real uniformly
convex Banach space X. Let f3, f5, f3:n = n are G — asymptotically nonexpansive mappings
with {¢,,} c [1, ) providing Y7—;(¢, — 1) < . Assume that {x,} given by (1.1), here
{a,}, (b}, {cy} c [¢,1 — &] for some & € (0,1) and (xg,s*), (s*,x,) € E(G) for x, € n and
s* € Fix(F), then

(i) lim |[x,, — s*|| exists;
n—>00

(i) lim [|x, — fix,|l = 0fori = 1,2,3.
n—-oo

Proof. (i) Let s* € Fix(F). By Proposition 1, (x,,s*), (s*,x,), (xn, Z0), (Zn, X)), (5%, 21),
(Zn, ™), Oy Yn)y Uy X0, (8™, Y1)y (U, 57) (X, X44) are in E(G) for vn € N.
From (1.1) and G — asymptotically nonexpansiveness of f;, we have

|z, —s*|| < 1- Cn)”xn = 5™ + cull it — 57| (2.1)
< (1 - Cn)”xn - S*” + Cn¢n”xn - S*”
= {1 + Cn(d)n - 1)”xn - S*”}
< Pullxn — sl
It follows from (1.1)&(2.1), G — asymptotically nonexpansiveness of f, that we get

“yn - S*” < (1 - bn)llzn - S*” + bn”fznzn - S*” (22)
< ¢nllzn = s*Il < Pillxn — s7II.
Using (1.1)&(2.2), G — asymptotically nonexpansiveness of f, and f3, we have

lxns1 = s™ll < (1= adllf7 %0 — s™I| + anllfs'yn — sl (2.3)
< dallx, = s*l
= {1+ (¢ — D}Hlx, —s*|I.
By virtue of 0 < at — 1 < tat (e — 1) for all a > 1, the hypothesis ¥.5° (¢, — 1) <
implies that {¢,} is bounded, then ¢, € [1,Q] for some Q and vn > 1. Thus, ¢3 — 1 <
3Q%(¢p, — 1) for vn = 1. Hereat, Yoo, (¢p3 — 1) < o0. Due to Lemma 1, we find out that
%i_{{)lo”xn — s*|| exists.
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(if) From hypothesis (i), Tllim |[x, — s*|| exists. Assume that Aim llx, —s*|| = w. Ifw =0, the
conclusion is apparent. Suppose w > 0. By (2.1)&(2.2), we get

limsup,_ollz, — s*|| < w, (2.4)
limsupy, o llyn — s™|| < w. (2.5)
Hence,

Ifi*x%n = s7Il < Pullxn — 571,
If2'2n — s*Il < @nllzn — 571,
”fznxn - S*” < d)n”xn - S*”;
1f3'yn = s™Il < @nllyn — s7ll,

for vn > 1 implies that

limsupn oo [l f{* 2 — ™Il < w, (2.6)
limsuppollf7'z, — s*|| < w. (2.7)
Limsupyoooll 7%, — s*|| < w, (2.8)
limsupy ool f3'yn — s*ll < w. (2.9)

On account of
w = Iim 44 = 5°ll = lim 1(1 = @) = 5 + an (v = 59
by Lemma 2, we have
lim ||/, = fynll = 0. (210)
Noting that

xn+1 = ™I = 11 = an) 7' + anf3'yn — s"l
< 12 %0 = 57l + anll f5*yn = 72l
< /2% = 7l + [1 = Sl /5"y — f7 %l

which yields that

w < liminfy, ool 2%, — || (2.11)
By (2.8)&(2.11), we obtain

lim||fJ'x, —s*|| =w (2.12)

n—-oo

Furthermore, from (2.10)&(2.12) and, G — asymptotically nonexpansiveness of f;

W20 = sl < /2% — f3'wnll + 11 f5'yn — 571l
< “fznxn - f3nyn” + ¢n||yn - S*”

implies that
w < liminfy,_ o llyn — sl (2.13)
By (2.5)&(2.13), we get
lim|ly, —s*[l=w (2.14)
n—o0o
Since

w = lim [ly, = sl = lim |(1 = @)z = 57 + an (20 = 59l

By (2.4)&(2.7) and Lemma 2, we get
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lim ||z, = £z, = 0. (215)
Noting that

lyn —s*Il = 1(1 = b))z, + by fF'zy, — 5|
<z = s*|l + byl f3 2y — zyll
<z = sl + [1 = &Ml f'zn, — zql

which yields that

w < liminf, oz, — s*||. (2.16)

Using (2.4)&(2.16), we obtain
lim|lz, - s°ll = w (217)
Because of
w = limllz, = s°[l = lim [|(1 = €,)(x = 5 + ca(f% = 57
from Lemma 2, we get
lim [, — x|l = 0. (2.18)

On the other hand, by (2.18)

|z, — x|l = (1 = ¢ )x + Cnf T xn — x4l (2.19)
< Cn”flnxn — Xl
< [1 =&l xn — xll
- 0asn — o,

and, from (2.15)&(2.19), we have
v — xpll = (1 = b))z + by f'zy — X4l (2.20)
< ”Zn - xn” + bn”onZn - Zn”

< ”Zn - xn” + [1 - S;]”fznzn - Zn”
- 0asn — oo,

Using (2.15)&(2.19), we obtain

oz — [ 2l < M1z — X0l + 12220 — zall + 112220 — f2 20|l
< ”Zn - xn” + ”fznzn - Zn” + ¢n”zn - xn”
so that
lxn, — fFrxnll = 0asn — oo. (2.21)
Also
”xn - f3nxn” < ”xn - fznxn” + ”fznxn - f3nYn” + ”f3nYn - f3nxn”
< llxn = 220l + 120 — 51yl + dnllyn — x5l

implies by (2.10), (2.20)&(2.21) that

I, — f3*xnll » 0 as n — oo, (2.22)
It follows from (2.10)&(2.21) that we get
”xn+1 - xn” = ”(1 - an)fznxn + anf3nyn - xn” (223)

< ”fznxn - xn” + an”fSnyn - fznxn”
< [1f2'xn — x|l + [1- f]“f3n37n — f2xall
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- 0asn — co.
Then, forl = 1,2,3

xn = fixnll < Nxpgr = Xl + lotnss = 7 xgall + 1A g — 7 20l
+ ”fln+1xn - flxn”
< ”xn+1 - xn” + ”xn+1 - fln+1xn+1” + ¢n+1”xn+1 - xn”
+ @1l fi o — xall
by (2.18), (2.21), (2.22)&(2.23) gives that for [ = 1,2,3

rlli_r)go”xn — fixall = 0. (2.24)

Theorem 1. Let X,n, G and f; for | = 1,2,3 be as above. Suppose that  has the Property P, f;
for [ = 1,2,3 satisfy the Condition (C), {x,} defined by (1.1), where {a,}, {b,}, {c,} C
[£,1—&] for some & € (0,1) and (xy,s*),(s*, x,) € E(G) for x, €n, then {x,} - s* €
Fix(F).

Proof. Let s* € Fix(F) such that (x,,,s*), (s*,x,), (xn, z,), Zn xn) , (5%, 2,), (z,,57),
e Vi), O x0), (8%, 9) , (v, s¥) (X, Xp41) are in E(G) for vn € N. From Lemma 5 (i),
lim ||x,, — s*|| exists, and thus lim d(x,, Fix(F)) exists for all s* € Fix(F). Again, by
n—->oo n—-oo

Lemma 5 (ii) 7lir{}ollxn—flxnll =0 for [ =1,2,3. Using the Condition (C), there is a
nondecreasing function g: [0, ) —[0, ©) with g(t) > 0 for vVt € (0, ), g(0) = 0 such that

max{llx — fixll, llx — foxll, llx — faxll} = g (d(x, Fix(F))), that is to say
lim g (d(x Fix(F))) = 0. (2.25)

Hereby, we can receive a subsequence {xns} and {x,,} and sequence {a,} c Fix(F) such that
||%n, — as|| < 275 for vs > 1. Because of the fact that strong convergence stand for weak
convergence and by Remark 1, we hold (xns, as) € E(G). By the proof of [23], we have
|xn,,, — as|| < |Jxn, — as|| <275, and so [lage; —asll < 2/25. We infer that {a} is a
Cauchy sequence in Fix(F), thus it converges. Let ag; — a. As Fix(F) is closed, and thus a €
Fix(F) and then x,,  — a. From Lemma 5 (i), x, — s* € Fix(F).

In an analog way to Theorem 1, when ¢,, = 0 in (1.1), we show convergence result of a
modified S —iterative procedure as shown below.

Theorem 2. Let X, 7n, G and f, f3 be as above. Suppose that  has the Property P, f, f5 satisfy
the Condition (B), {x,,} defined by (1.1), where {a,}, {b,;} c [¢,1 — &] for some ¢ € (0,1) and
(x0,5%),(s*,xo) € E(G) for x, € n, then {x,,} = s* € F(f;) N F(f3).

In line with the Theorem 1, if f, =1 and b, = ¢, = 0 in (1.1), then obtain Mann-type
convergence results for G —asymptotically nonexpansive mappings with BSWG as noted
below.

Theorem 3. Let X, n, G and f5 be as above. Suppose that n has the Property P, f; satisfy the
Condition (A), {x,} defined by (1.1), where {a,} < [§ 1 —¢&] for some & € (0,1) and
(x,5%),(s*,x0) € E(G) for x, € n, then {x,,} - s* € F(f3).

In the next theorem, we express the strong convergence of {x,,} defined by (1.1) under semi-
compact.
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Theorem 4. Let X,n, G and f; for [ = 1,2,3 be as above. Suppose that n has the Property P, one
of f; for | = 1,2,3 is semi-compact, {x, } defined by (1.1), where {a,}, {b,},{c,} c [§,1 — €]
for some & € (0,1) and (xg, s*), (s*,x,) € E(G) for x, € n, then {x,,} - s* € Fix(F).

Proof. Let s* € Fix(F) such that (x,,,s*), (s*,x,), (X, 2,), Zpx,), (s 2,), (z,,5%),
e Vi), O x0), (8%, vy (U, ™) (i, X5 41) @rein E(G) for vn € N. By virtue of the fact that
one of f; for | = 1,2,3 is semi-compact, {x,,} is bounded and by (2.24), and then

there exists subsequence {xnp} of {x,} such that Xn, = s (2.26)

Owing to the fact that strong convergence state weak convergence and by Remark 1, we enjoy

(xnp ,s*) € E(G). We get that s* € Fix(F). Hereby, lim ||x,, — s*|| exists from Lemma 5 (i).
n—>oco

On the score of (2.26), then {x,,} — s* € Fix(F).

For c,, = 0in (1.1), then Theorem 4, reduces to the following convergence result of a modified
S —iterative procedure for G —asymptotically nonexpansiveness in BSWG.

Theorem 5. Let X,n, G and f; for [ = 2,3 be as above. Suppose that n has the Property P, one
of f; for [ = 2,3 is semi-compact, {x,} defined by (1.1), where {a,}, {b,} c [§,1 — &] for
some ¢ € (0,1) and (xg,s*), (s*,x5) € E(G) for x, € n, then {x,,} = s* € F(f,) N F(f3).

Similarly, taking f, = I and b,, = ¢,, = 0 in Theorem 4, then we attain Mann-type convergence
results for G —asymptotically nonexpansive mappings with BSWG as follows.

Theorem 6. Let X,n, G and f; be as above. Suppose that n has the Property P, f5 is semi-
compact, {x,} defined by (1.1), where {a,} c[&1—¢] for some ¢ € (0,1) and
(xg,5%),(s* xo) € E(G) for x, € n, then {x,} = s* € F(f3).

In the subsequent result, we testify the weak convergence of iteration (1.1) for
G —asymptotically nonexpansiveness with BSWG without assuming the Opial’s condition of
X.

Theorem 7. Let X,n, G and f; for [ = 1,2,3 be as above. Suppose that n has the Property P,
{x,} defined by (1.1), where {a,} , {b,},{c,} c[&,1—¢&] for some &€ (0,1) and
(x9,5),(s*, xo) € E(G) for x, € n, then {x,,} = u, € Fix(F).

Proof. Let s* € Fix(F) such that (x,,,s*), (s*,x,), (xn, z,), Zn xn) , (5%, 2,), (z,,57),
e Vi), O x0), (8%, v), (W, ) (X, X5 41) are in E(G) for vn € N. {x,} is bounded from
Lemma 5 (i). Because of that n # @ is a closed convex subset of a real uniformly convex

Banach space X, it is weakly compact, and thus there exists subsequence {xn,,} of {x,,} such

that Xn, = Us. We know that forl = 1,2,3 lim ”xnp — fzxn,, ” = 0 by (2.24). Using Lemma
p—)OO

3,1 —f;forl =1,23is G — demiclosed at 0 so that u, € Fix(F).

Now, we show that x,, — u,. Let {xnp} be a subsequence of {x,} that converges weakly to
w, € K. On the lines similar to above, we also have w, € Fix(F). Next, for eachp > 1, we get

n n
Xn,+1 = (1 — anp)fz pxnp + anpf3 pynp — Xy, + Xy, (2.27)
n n n
= Xn, + (fz pxnp - xnp) + an, (f3 pynp — f2 pxnp>.
It follows from (2.10) and (2.21) that
. n n . n
lim ”f3 Pynp -1, Pxnp” =0 and lim ”fz Pxnp —xnp” = 0. (2.28)

b—o p—o©
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Due to an, € [é,1 — &] for some & € (0,1), we obtain

lim ay || £, = 5 7%, || = 0 (2.29)

p—©

vincelet, using (2.28) and (2.29), we deduce that x;,,., — w.. By Lemma 4, {x,} = w, so that
w, = U,.

Putting ¢,, = 0 in (1.1), then Theorem 7 reduces to the following convergence result of a
modified S —iterative procedure for G —asymptotically nonexpansiveness in BSWG.

Theorem 8. Let X, n, G and f; for [ = 2,3 be as above. Suppose that 1 has the Property P, {x,}
defined by (1.1), where {a,} , {b,}{c,}c[é1—¢&] for some & €(0,1) and
(x0,57), (s™,%0) € E(G) for xo € m, then {x,,} = u. € F(f2) N F(f3).

In a similar manner, when f, =1 and b,, = ¢,, = 0 in Theorem 7, then we get Mann-type
convergence results for G —asymptotically nonexpansiveness in BSWG as follows.

Theorem 9. Let X, n, G and f5 be as above. Suppose that n has the Property P, {x,,} defined by
(1.1), where {a,}, {b,}, {c,} c [&,1 — &] for some & € (0,1) and (x;,s*), (s*, xy) € E(G) for
Xy €, then {x,,} = u, € F(f;,) N F(f3).

Remark 2. If ¢,, = 0 for vn > 1, then the class of G —asymptotically nonexpansiveness
coincide with G —nonexpansiveness. Because of this reason, Theorem 1-7 widen and enhance
the results of Theorem 2-3 in Suparatulatorn& et al. and Theorem 3.12-3.15 in Thakur& et al
((Suparatulatorn& et al., 2018), (Thakur& et al., 2014)).

Now, we consider the numerical instance which is inspired by Example 3.1 in Razani&Moradi
(Razani&Moradi, 2015).

Example 1. Let X is the real line with the usual norm |.|,n = [0,2] and G = (V (G) ,E (G))
such that (V (G) = nand (x,y) € E(G) iff 0.30 < x,y < 1.20 or x = y. Define f;:n — n for
[=1,23as

3sinx — 05
f1x={10+10x’x_ 2,
0, x # 0.5
2sinx — 05
fzx:{5+5x'x '
0, x # 0.5

sin x 05
f3x={10+10x'x_ '
0, x # 0.5

for any x €n. It is easy to see that f; for [ = 1,2,3 are G —asymptotically nonexpansive
mappings. Set

a, = bn =Cp= 1/2,forn > 1.
Let {x,,} be the sequence defined by (1.1). Thereof,
Xn+1 = 1/2 f2'xn + 1/2 f3"Ym

In = 1/2271 + 1/2f2nzn'
Zn = 1/2xn + 1/2f1nxnrn =1,
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and Fix(F) = {0}. As x; = 0.5, we know that x, = 7.2003 X 1072, x3 = 5.3372 x 1073,
x4, = 1.7011 X 107*, x5 = 2.179 X 107°, x, = 1.1159 x 1078 and x, = 2.2855 x 10~ 1
(see Figure 1). This example reveals that the algorithm is efficient to approach common fixed
points of G —asymptotically nonexpansiveness on BSWG.

0.5 -E
sequence value \

04T

A |
5. K 7
iteration steps

0.0 }

rg

Figure 1. The values in the first seven steps of {x,,} in Example 1.
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